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Summary. An EM algorithm procedure is presented for 
the maximum-likelihood estimation of mating "system 
parameters of mixed mating system models for both 
angiosperms and gymnosperms. One advantage of the 
procedure is the ability to accommodate any number 
of alleles in the mature population and pollen pool. 
Estimates of the outcrossing rate (i) derived from the 
model are bounded strictly within the natural biologi- 
cal range (i.e., 0 _-< t =< 1). 
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Introduction 

The mating system of a species is important in deter- 
mining the amount, distribution and maintenance of 
genetic variation in the population from generation to 
generation (Allard et al. 1975). Numerous single locus 
models have been developed for estimating mating 
system parameters in plant populations (summarized 
by Jain 1979). This is related primarily to the great 
diversity of mating systems in higher plants (Fryxell 
1957). Recently, multilocus estimators also have been 
developed (Brown etal. 1978; Green etal. 1980; 
Ritland and Jain 1981; Shaw et al. 1981). However, 

these estimators are formulated specifically for angio- 
sperms and generally for diallelic loci. Shaw and Allard 
(1982) present maximum-likelihood estimation proce- 
dures for gymnosperms, again for a diallelic locus. In 
this paper, we present generalized equations to esti- 
mate system parameters using an Expectation-Maxi- 
mization (EM) algorithm (Dempster et al. 1977) f o r  
both angiosperm and gymnosperm species. We believe 
that application of the EM algorithm has distinct ad- 
vantages over other published models for estimation of 
parameters for a mixed mating system model. These 
advantages of the model and estimation procedure 
include: 

1. An explicit expression is given to determine the 
proportion of selfed and outcrossed embryos in pheno- 
typically confounded classes (i.e. classes of observed 
embryos which contain both selfed and outcrossed 
embryos). 

2. The estimators derived from the EM algorithm 
are intuitively understandable and give simultaneous 
maximum-likelihood estimates of the frequency of 
alleles in the outcrossed pollen pool and the outcrossing 
rate for an arbitrary number of genotypes in the 
mature population. 

3. The method is easy to program relative to con- 
ventional maximum-likelihood methods. 

The gene counting methods first published by Cep- 
pellini etal. (1955) and extensions by Smith (1957) 
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are specialized examples of  an EM algori thm as ap- 
plied to problems in genetics. 

D(['[erences between reproduction in gymnosperms 
and angiosperms 

In gymnosperms, double fertilization does not occur and the 
female gametophyte (megagametophyte) remains in a haploid 
condition. Furthermore, all cells within the seed coat includ- 
ing the egg-cells (ovule), have been derived mitotically from a 
single megaspore. Thus, barring mutation, the maternal 
gamete contributed to that embryo can be unambiguously 
ascertained by co-electrophoresing haploid megagametophytic 
tissue and the corresponding embryo. This haploid mega- 
gametophytic tissue also allows direct probabilistic inference 
of the maternal genotype (Morris and Speith 1978). Inference 
of maternal genotype by this method is independent of the 
mating system (i.e., selfing rate and pollen allele frequencies) 
if all embryos have equal probability of surviving, and there is 
no segregation distortion. 

Since the endosperm in angiosperm reproductive systems 
is triploid (2n $, 1 n 6) this tissue cannot be used exclusively 
to infer the maternal genotype. With angiosperm species, it is 
necessary to infer maternal genotype on the basis of open- 
pollinated progeny arrays from single plants. The reader is 
referred to the papers by Brown and Allard (1970); Brown 
et al. (1975) and Clegg et al. (1978) for details on the methods. 

The following data are necessary to estimate mating 
system parameters using the EM algorithm: 

1. A known or inferred maternal genotype. These data 
can be obtained from either a pedigree or by inference as 
discussed above. 

2. Genotypes of open-pollinated progeny arrays from 
known or inferred maternal genotypes. 

3. At least two different genotypic classes of maternal 
genotypes. 

4. For the gymnosperm formulation only, known maternal 
contribution to heterozygous embryos from heterozygous 
maternal plants of the same genotype. 

Throughout the development of this estimation procedure 
it is assumed that the frequency of alleles in the pollen pool is 
homogeneous over the array of mature plants sampled. It is 
also assumed that the probability of outcrossing is constant 
among the array of mature plants sampled. This is equivalent 
to assuming a constant amount of selfing (s) and random 
outcrossing t (= 1 -s )  and further that all embryos, regardless 
of mating event, have equal fitness (Brown and Allard 1970). 

For the angiosperm formulation, it is necessary to assume 
equality of segregation for the two alleles in heterozygous 
maternal plants. This assumption can be relaxed in the 
gymnosperm formulation. While it is not usually possible to 
distinguish between ij versus ji heterozygotes in the mature 
population, if the distinction can be made, this procedure can 
accommodate the data. However, the data observed will most 
often consist of the diagonal homozogotes (ii) and upper 
trimat of heterozygotes (i j). Thus, in practice we treat ij 
heterozygotes the same as j i heterozygotes. 

Estimating mating system parameters using 
the EM algorithm 

of incomplete data. They term this i terative process an 
EM algorithm, since each cycle consists of  an expecta- 
tion step (E) followed by a maximizat ion  step (M). In- 
complete data in studies of  mat ing systems occur, for 
example, when an observed class of  genotypes contains 
the results of  different  genetic events, i.e., different 
origins of the paternal  allele, that are not otherwise 
distinguishable. 

Notation 

Let the number  of  embryos observed in a confounded 
class from * * fi2i Ai materna l  plants  be iiyii. The asterisks 
are used to follow maternal  gametes. The subscripts on 
the left denote the maternal  genotype and the sub- 
scripts on the right denote the embryo genotype. Let 
the number  of  selfed embryos be represented by iixii 
and the number  of  outcrossed embryos be represented 
by iixi. The left-hand subscripts are as previously 
defined. The inner r ight-hand subscript denotes the 
maternal gamete. The superscript  or outer  r ight-hand 
subscript denotes the paternal  contr ibut ion for out-  
crossed and selfed embryos,  respectively (Table 1). The 
complete sample space of  embryos (X) cannot be ob- 
served directly, but can be obtained from the incom- 
plete sample space of  observations (Y) by a many-to-  
one mapping from X to Y. 

The expectation step (E) 

Our task is to derive the expected number  of  selfed and 
outcrossed embryos in each confounded class. For  

Table 1. Observed progeny phenotypes and underlying geno- 
types by origin of mating event 

Maternal Progeny Incomplete Proba- Complete 
genotype genotype space bility space 

(obseved (expected 
no.) no.) 

A'A* 

A'A* 
j + i  

A'A* [ iiyii s iiXii 

A*A~ J (1 - s)p~ ~x~ 
A*Aj .y~i (1 - s)p i ~x I j # i 
A'A* 1 "Y" s/4 iix. 
A*A~ J" (1 - s)pd2 ~ixl 
A'A* ~ ~jyij s/4 i j X i j  

A*Aj J (1 - s)p/2 jjx~ 
A'A* ~ ~iYJ~ s/4 ijxj~ 
A'A, J (i - s)p,/2 ,ix I 
A'A* / ~JYJi s/4 jixji 
A*Aj ~ ( 1 - s ) p / 2  uxi 
A*A~ ~jy, (1 -s )D/2  ~ixl 1 4= i,j 
A*Aj ~iYi~ (1-s)p , /2  ijX] 1 4= i,j 

Dempster  et al. (1977) have presented a method to s=rate of self-fertilization, p~ -- frequency of the i th allele in the 
derive maximum-l ike l ihood  estimates of  dis tr ibut ions outcrossedpollen pool 
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homozygous maternal plants this is given by equation 
[l-a]. For heterozygous maternal plants the appropr ia te  
equations are in [l-b]. 

iiXii = iiYii IIS/[S + p i ( l  - -  S)]I 

iiXi = iiYii [ p i ( 1  - -  S) / [S  + p i ( l  - -  S)]l 

iiXi = iiYij j # i  ( l-a)  

ijXii = ijYii [S/[S + 2pi(1 - s)]l 

ijXi = ijYii {2pi(1 -- S)/[S + 2pi( l  -- S)]} j * i 

ijXij = ijYij [S/[S + 2 pj (1 - s)]} 

ijxi = ijYij 12pj(l - s)/[s + 2pj(1 - s)]} j :# i 

ijxji = ijYji {s/[s + 2pi( l  - s)]} 

ijxi = ijYji [2pi( l  - s)/[s + 2pi(1 - s)]} j :# i 

ijxjj = ijYjj Is/[s + 2 pj (1 - s)]] 

ijx i = ijYjj '~2pj(l - s)/[s + 2pj(1 - s)]} j 4= i 

ij X} = ijYil 

ijx] = ijYjl 1 # j # i ( l -b)  

Throughout  (l-a) and ( l-b) ,  the p's are the frequencies 
of  alleles in the outcrossed pollen pool and s is the 
selfing rate. 

If a heterozygous embryo,  say ijyij, has the same 
genotype as the maternal  plant, it is not possible to 
determine whether the embryo received a copy of  the i 
or the j maternal  allele except by direct observation. In 
this case, it is necessary to divide the total number  of  
ijYij embryos into three classes; a selfed class (ijx++ = 
ijxij + ijxji) and two outcrossed classes (ijx i and ijx]). In 
doing so, we must assume equal segregation of  the i 
and j alleles in the female gametophytes  of  hetero- 
zygous maternal plants. This changes the expectation 
for these classes only to: 

ijx++ = ijYij [s/[s +(1 -- s)(Pi + Pj)]} 

ijX{ = ijYij {pj(1 -- S)/[S + (1 -- S) (Pi  + Pj)]} 

ijxii = ijY0 Ipi(l  - s)/[s +(1 - s)(pi + pj)]} �9 

Furthermore,  if there are only two alleles at this locus 
in the population (i.e., Pi + Pj = 1) the ijYij embryos are 
apportioned to the selfed and outcrossed classes ac- 
cording to the current estimate of  the selfing rate (s) 
and outcrossing rate (t = 1 - s). That  is, this class con- 
tains no information about the parametr ic  values of  Pi 
and s, as the partial differential of  the log-likelihood 
equation with respect to these parameters  for hetero- 
zygous plants is zero (Brown et al. 1975). 

The maximization step (M) 

Maximum-likel ihood estimators of  Pi and s can now be 
derived simultaneously from the complete space (X) by 

partial differentiation of the log-likelihood equation 
and setting to zero. The derivation for r alleles in the 
pollen pool, n alleles in the mature  populat ion for the 
general case (gymnosperms) is given in Appendix. The 
maximum-likel ihood estimators for the frequency of  Pi 
in outcrossed pollen pool and the selfing rate (s) are 
(from Appendix):  

x i 
[Oi = ' "  " ( 2 )  

�9 .X: 

and 
,�9149 

g (3) 
�9 .x: + ..x.. 

where the.  indicates summat ion  over all alleles. 
Maximum-likel ihood estimates of  the frequency of 

each of the pollen alleles and the selfing rate are 
obtained by cycling between equations (l-a) ,  ( l -b)  and 
(2), (3) until successive estimates of  the parameters  
converge to a specified criterion�9 Thus one cycle of  the 
EM algorithm consists of  estimating the number  of  
selfed and outcrossed embryos in a confounded class at 
step v, and obtaining the maximum-l ike l ihood esti- 
mates of  the parameters  based on the provisional 
estimates of the complete sample space at step v + 1. 
Initially, estimates or, arbitrary values of  the p's and s 
are provided to begin the iterative procedures. The 
robustness of  the algorithm to initial values of  Pi and s 
is discussed in the next section. 

The estimators of  the EM-algori thm procedure are 
easy to understand. The maximum-l ike l ihood estimate 
of  the outcrossed pollen-pool frequency of  allele i is the 
sum of the numbers of  outcrossed embryos containing 
pollen allele i(. .x!) divided by the total number  of  
outcrossed embryos (..x:). Similarly, the max imum-  
likelihood estimate of  the selfing rate (s) is the sum of  
the numbers of  selfed embryos (..x..) divided by the 
total number  of  embryos (..x.. +. .xl) .  Estimates of  the 
numbers in these various classes of  embryos are ob- 
tained from the expectation step. 

Analysis of data using the EM algorithm 

We have reanalyzed the electrophoretic data for a 
breeding population of  Lupinus albus L. presented by 
Green et al. (1980). With the exception of  the pollen 
allele frequency of  locus Pgm-l ,  the EM algorithm 
gives results identical to those published (Table 2). We 
have also re-analyzed the data for the Pgm-1 locus 
using the method of  Brown et al. (1975). These results 
are in complete agreement with those obtained by the 
EM-algorithm procedure. 

A large number  of  initial values of  the set {p, s} for 
the Pgm-1 locus ranging from {0.00001, 0.99999} to 
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Table 2. Comparison of estimates of mating system parame- 
ters in Lupinus albus L. (Source of data: Green et al. 1980) 

Parameter a Locus 

Pgm- 1 6Pgd-2 Aat-2 

iG 0.12 0.09 0.09 
tEM 0.12 0.09 0.09 
15G 0.62 0.62 0.15 
15 EM 0.64 0.62 0.15 

i is the maximum-likelihood estimate of the outcrossing rate, 15 
is the maximum likelihood estimate of the pollen allele fre- 
quency in the outcrossed pollen pool; G stands for estimates 
from Green et al. (1980) and EM stands for estimates obtained 
by the EM-algorithm procedure of this paper 

10.99999, 0.000011, respectively were used to test con- 
vergence of  the iterative procedure to a stationary 
value or local or global maximum (Wu 1981). Regard- 
less of  the initial set, the procedure always converged 
to 115, iI = {0.64449, 0.117871 for the estimate set. These 
results suggest that the present procedure is robust 
with respect to initial starting values, and that the 
values of  15 and ~ are likely to be the global maximum- 
likelihood estimates. 

Extension of  the procedure to a multiple allelic 
locus is straightforward and can be illustrated by an 
analysis of  the data for the Adh locus of  Eucalyptus 
citriodora Hook (Yeh etal. 1982). The results are 
compared to those obtained by the method of  Brown 
et al. (1975). A total o f  four alleles was observed at the 
Adh locus in the mature and filial generations with six 
inferred maternal genotypes and up to seven different 
filial genotypes per maternal genotype (Yeh etal.  
1982). The two procedures give different estimates for 
the frequency of  the pollen allele 100 and the out- 
crossing rate (Table 3). The present method utilizes all 
of  the information in the Adh data. Reducing the 

Table 3. Estimation of mating system parameters for the Adh 
locus of E. citriodora using the EM-algorithm procedure and 
method of Brown et al. (1975) 

Allele Frequency 

Mature Filial Pollen Pollen 
(EM) (B) 

1 (90) 0.09 0.11 0.19 - 
2 (100) 0.57 0.60 0.61 0.66 
3 (108) 0.33 0.28 0.19 - 
4 (95 )  0.01 0.01 0.01 - 

~ 0.86 0.80 

a [ is the maximum-likelihood estimate of the outcrossing rate 
and EM and B refer to estimates from the EM-algorithm pro- 
cedure and the method of Brown et al. (1975) 
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dimensionality of  the data by collapsing to a diallelic 
system (Brown et al. 1975) might well have resulted in 
less efficient estimates of  mating system parameters. 
The effect of  such statistical inefficiency on the param- 
eter estimates will depend on the number and fre- 
quency distribution of  the alleles at a particular locus. 

C o n c l u s i o n s  

We have developed an iterative procedure for the 
maximum-likelihood estimation of  mating system pa- 
rameters for a mixed mating system model for both 
angiosperms and gymnosperms. This procedure is an 
application of  the EM-algorithm. For diallelic loci with 
equal segregation of  gametes in heterozygous maternal 
plants the EM-algorithm procedure and conventional 
maximum-likelihood estimators give identical results. 
However, the real power of  the EM-algorithm proce- 
dure is the ability to estimate mating system param- 
eters for multi-allelic loci in either the mature popula- 
tion or outcrossed pollen pool or both. Furthermore, 
the estimates of  the mating system parameters ob- 
tained by this procedure may approach closer to the 
global maximum-likelihood estimates with each itera- 
tion regardless of  initial starting values. 
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A p p e n d i x  

Equations (l-a) and (l-b) provide estimates of  the 
expected numbers of  outcrossed and selfed embryos 
from homozygous and heterozygous maternal plants�9 
Using this information and the probabilities of  observ- 
ing that sample from column 4 of  Table 1, the likeli- 
hood equation for the complete sample space is 

r 

L ~. 1-~ ~t(s)"x"[( 1 - s )  pi] ~x' 1-i [(1--s) pj] '~x~ 
i - I  j* i  

r r 1 

�9 ~ ~[  l(s/4)'Jx~[(1 - s) pi/2] 'x' (s/4)ux'J[(1 - s) pj/2] '~x~ 
i~=j 

J 1 

�9 (s/2)ux~J[(l - s) pj/2]'~x~[(1 - s) pi/2] TM 

�9 1]~ [(1 - s) pl/2]~'xl[(1 - s )  pl/2] ~j*l} 
I*i,j 

where Pi, i = 1 . . . . .  r is the frequency of  the i th allele in 
the outerossed pollen pool, s is the selfing rate and x is 
an expected observation. 
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The log-l ikel ihood function is given by: 

In L = L* = const. + { ~  [iixii+ ~ (ijxii+ ijxjj+ ijXij)]} In (s) 
i j#:i 

i j j i 4- { Z  [iiXi 4- Z (iiXi 4- ij xi4- ijXj 4- ijXi 4- ijXj) 
i j#i 

- F E E  (ijX! 4- jX])]t ln( l -s)  
j:fl+i 

4- ( '~" i ' i [iiXi 4- Z (ijXl 4- ijXj)] lnpi} 
i j#i 

4- [ Z  Z[(iiXi 4- ijX] 4- ijXi) lnpj]} 
i , j  

1 I 4- {E E Z [(ijXi4- ijXj)] lnpl} 
i=~j#l 

= const. + ..x.. In(s) + ..x: ln ( l  - s) 

4- { Z  [ i iX]  4- Z i i i i i (jjXj 4- ijXi 4- ijXj 4- jiXi 4- jiXj) 
i j4=i 

+ E E  ' ' (jlXj 4- jlXl] In Pi} 
j*l#i 

= const. + ..x.. In(s) + ..x: l n ( 1 - s ) +  ~ . . x ! l n  pi 
i 

where 

�9 .X! = iiXl "4- E (ijXi 
j*i 

+ Z [iJ• 
j~i 

is the number  of  
allele i, 

�9 .x: = Y [ .x i  + 
i 

4- ijX] 4- jiXi 4- jiXi) 

4- E (jlXi 4- jlxi)] 
14: i,j 

outcrossed embryos containing pollen 

E (iiXi-I'- ijXi-I- ijX i 4- ijX] 4- ijX!) 
j=i=i 

4- Z E(ijX{-f-ijX])] 
j4~l*i 

= E  {iiXi "I'- Z (ij x} 4- ijxj + jixl q-jix]) 
i j*i 

4- Z [jjX]4- E (jl x] 4- jlXi)]} = Z . . X !  
j4=i 14= i,j i 

is the number  of  all outcrossed embryos and 

�9 X.. = E [iiXii q- E (ijXii 4- ijXjj q- ijXij)] 
i j4=i 

is the number  of  all selfed embryos.  
To constrain the allele frequencies to sum to 1, we 

wish to maximize  L* subject to the contraint.  
r 

~ p i = l  
i-1 

by the method of  Lagrangian multipliers.  The log- 
l ikel ihood function with the constraint  (L +) is given by 

L +=  L* + ;.(1 - ~ P i ) -  
i 

Maximum l ikel ihoood estimates of  Pi and s are 
obtained by the solution of  the following equations; 

8L + 
0 = - -  1 - -  ~-'~ P i  82 

aL + 
0 = = . . x . . / s - . . x : / ( 1  - s) 

8s 
8L + 

0 = - - = . . x ! / p i -  2 .  
8pi 

Thus, the max imum l ikel ihood est imators of  2, Pi and s 
are 
;: = . . x :  
13i =..X!/..X: 
g = . . x . . / . . x  
where . .x = . . x . .  + . . x :  is the total number  o f  all em- 
bryos. 
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